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We present a general formalism based on the framework of non-commutative ge-
ometry, suitable to the study the standard model of electroweak interactions, as well
as that of more general gauge theories. Left- and right-handed chiral fields are as-
signed to two different sheets of space-time (a discretized version of Kaluza-Klein
theory). Scalar Higgs fields find themselves treated on the same footing as the gauge
fields, resulting in spontaneous symmetry breaking in a natural and predictable way.
We first apply the formalism to the Standard Model, where one can predict the Higgs
mass and the top Yukawa coupling. We then study the left-right symmetric model,
where we show that this framework imposes constraints on the type and coefficients
of terms appearing in the Higgs potential.
I. INTRODUCTION
The current picture of a continuum space-time at all scales underlying a smooth mani-
fold has proved inadequate to describe all elementary particle interactions including gravity.
The mathematical frameworks of both general relativity and quantum field theory of ele-
mentary particle interactions assume such a smooth manifold, and their incompatibility is
one of the main signals for the inadequacy of such a continuum picture of space-time. In
search of a more general framework, Connes has proposed an alternate approach based on
non-commutative geometry (NCG) [1, 2]. The basic idea of Connes is to do away with
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2the precise specification of an underlying manifold as the starting point. Instead, he for-
mulates its description in terms of an associative and involutive algebra, commutative or
non-commutative. One may think of this as a generalization of the well known theorem due
to Gelfand, which states that the classical topological space based on a continuum can be
completely recovered from the Abelian algebra of smooth functions.
Connes’ ideas have been explored in several directions. Of particular relevance is their
application to the standard model and beyond. In spite of the great success of the standard
model in confronting experiments, it is recognized that it is far from a fundamental the-
ory. One of the main drawbacks is that the mechanism of spontaneous symmetry breaking
depends on the ad-hoc addition of a Higgs sector, with a somewhat arbitrary Higgs field
content and an arbitrarily chosen potential. In contrast, Connes’ approach has given rise to
a geometrical description of a gauge field theory in which the Higgs fields finds themselves
on the same footing as the gauge fields, and where the Higgs potential has spontaneous
symmetry breaking built in it.
In recent years, there has been a great deal of work beginning with Connes and Lott
([3, 4, 5, 6] are some examples). However, the approaches used so far have tended to be
highly mathematical. Our approach will be somewhat heuristic and not overly concerned
with mathematical details. We intend to keep close to the familiar ideas of quantum field
theories and Riemannian geometry and use Connes’ rigorous non-commutative geometry as
a guide to construct models with interesting features from the physical point of view.
In our approach, the underlying manifold on which the theory is defined consists of the
direct product between the four-dimensional (4D) Minkowski space-time and a finite number
of points. Note that this is only a particular (and rather simple) realization of the more
general theory of Connes. Specifically, we consider the case when the dimension of this
discrete space is two; hence the name two-sheeted space time. This framework allows a
simple physical interpretation, as a model in which 4D fields live on two distinct branes
embedded in a higher dimensional space; in other words, a discretized version of Kaluza-
Klein theory [7, 8]. As such, one can think that this theory might be derived as the 4D limit
of a more fundamental theory (perhaps a string one).
We envisage the fermion left- and right-chiral fields living on two separate sheets of space
time associated with the two discrete points. The generalized gauge potential A (known as
a connection in geometrical terms) appears as a two-by-two matrix operator on this internal
3space. The diagonal components couple fermion fields living on the same sheet (therefore
with the same chirality) and consequently are identified with the usual 4D gauge fields. The
off-diagonal components couple left with right-handed fermion fields, and therefore can be
identified as standard Higgs fields. We show that it is possible to build a suitable curvature
operator (the field strength F), and construct a consistent gauge theory by using these
extended gauge operators. The Higgs potential terms appear as intrinsic components of the
gauge invariant action for the Yang-Mills fields ∗FF.
We apply these ideas by first formulating the Standard Model as a SUC(3)× SUL(2)×
UY (1) gauge theory on two sheeted space-time. Due to the simplicity of the Higgs sector in
this case (one Higgs field suffices), one finds that it is possible to predict the top Yukawa
coupling (∼ 0.8, close to but not in exact agreement with the SM value), as well as the
Higgs mass. However, we think that more interesting possibilities lie in the application
of this formalism to theories which may be valid at higher energy scales, such as grand
unified theories based on higher gauge groups. In such theories, generally the Higgs sector
can be quite complex, and in the absence of a guiding principle one must rely on additional
assumptions. The approach described in this paper can provide such a guide. As an example,
we formulate the left-right symmetric model in this framework.
The paper is organized as follows. In Section II, we briefly review Connes’ abstract algebra
approach and the concept of a spectral triple. In Section III, we adapt this formalism to
a two-sheeted space-time that may be considered as a discretized version of Kaluza-Klein
theory, in which the compact circle in the fifth dimension is replaced by two discrete points.
Section IV and V are devoted to the construction of standard model and the left-right
symmetric model in this framework. The final Section is devoted to a discussion of the
results and conclusions.
II. A BRIEF REVIEW OF NON-COMMUTATIVE DIFFERENTIAL
GEOMETRY.
Connes’starting point of NCG is a universal differential algebra Ω∗(A) constructed from
an associative, commuting or non-commuting algebra A. It is unital and involutive. This
differential algebra can be thought of as being generated by the elements a, b and a symbol δ
with properties δ1 = 0, δ(ab) = (δa)b+ aδb for all a, b ∈ A. The zero order forms are simply
4the elements of A. Higher order forms in ΩpA are generated by ‘extending’ the differential
δ to an operator: if a0δa1 . . . δap is a p−form, then
δ(a0δa1 . . . δap) = δa0δa1 . . . δap
is a (p+1)−form. This also implies δ2 = 0. For a more detailed discussion at the introductory
level, see, for example, [9].
In physical applications of interest to us, the abstract algebra becomes an algebra of
operators acting on a Hilbert space H. The abstract elements a ∈ A are represented as
operators through a representation ρ(a) ≡ A acting on H. The abstract symbol δ becomes
the exterior derivative represented by a self-adjoint operator called the Dirac operator D.
The three elements, the algebra A, the Dirac operator D and the Hilbert space H together
form a spectral triple according to Connes.
With the help of the Dirac operator, we can now extend the representation of A to its
algebra of differential forms through the correspondence:
ρ(a0δa1 . . . δap) = ρ(a0)[D, ρ(a1)] . . . [D, ρ(ap)] .
In this sense, the Dirac operator can be used to build a ‘representation’ of the formal
exterior derivative δ in the space of operators acting on H; if φ ∈ Ω(A):
ρ(δφ) = [D, ρ(φ)] .
(Depending on the rank of the form φ and the grading properties of the algebra, one may
also need to use anticommutators.)
One must be careful, however; if δ is a proper exterior derivative, one needs to have
δ(δφ) = 0; but generally [D, [D, ρ(φ)]] is not zero. To get around this problem, one
defines an equivalence relation on the spaces ρ(Ωp(A)), so that all the operators of the
form [D, [D, ρ(φ)]] are equivalent to the zero operator; technically, the space of opera-
tors corresponding to p−forms is ρ(Ωp(A)) divided by the space of so-called junk forms
J = ρ(δ(kerΩp−1(A)) (this is sometimes called dividing out the junk)1.
In our studies, H will consist of square integrable sections of a spinor bundle representing
physical states of the fermions. Let us assume that the fermion fields form a basis for a
1 A slightly different definition of junk forms is used in the literature. However, for our purposes, the two
definitions seem to give the same results (see [9]).
5representation of some group G. For theories defined on a smooth manifold, the gauge
fields will then be associated with differential one-forms defined on the manifold. The field
strength, which is used in the construction of the Lagrangian, will be a two-form. Generally,
physically relevant quantum operators built out of gauge fields are elements of the differential
algebra Ω(M) defined on the manifold.
For the purposes of illustration, consider the simple case of a gauge theory on the
Minkowski manifold. The relevant algebra is C∞(M). The Hilbert space H is the space of
Dirac spinors; and the Dirac operator is the standard D = 6 ∂ = γµ∂µ. Elements of C∞(M)
are in one to one correspondence with fields on the four dimensional space-time. The space
of one forms is defined by:
A = f(x)[6 ∂, g(x)] = f(x)∂µ(g)(x)γµ ≡ Aµ(x)γµ ,
with Aµ(x) ∈ C∞(M)2. Note that the decomposition of one forms this way is similar to
the usual writing of one forms as Aµ(x)dx
µ, only in this case the matrices γµ play the
role of a basis in the space of one-forms. The field strength will then be (here we use the
anticommutator):
F = dA = {6 ∂, Aµ(x)γµ} = γνγµ∂νAµ + γµγνAµ∂ν
= γνγµ∂ν(Aµ) + 2η
µνAµ∂ν
= γνγµ
1
2
[∂ν(Aµ)− ∂µ(Aν)] . (1)
In going from the second to the last line, we have antisymmetrized the result with respect
to indices µ, ν, and dropped the symmetric terms (the ones proportional to ηµν). This
prescription is imposed by the requirement that if A = dΦ, dA = 0. In other words, the
equivalence relation necessary to get rid of the junk forms is: two forms are equivalent to
each other if their difference is symmetric in the µ, ν indices, and proportional to the identity
matrix. Alternately, it is equivalent to using the wedge product of γ matrices as a basis in
the space of higher forms; F can then be written as
F = ∂ν(Aµ)γ
ν ∧ γµ ,
with γν ∧ γµ = (γνγµ − γµγν)/2.
2 Note that the functions appearing in these relations are to be thought of as operators. Then, for example,
∂g(x) = ∂(g)(x) + g(x)∂
6III. TWO-SHEETED SPACE-TIME.
In the previous section we have given a brief description of the general formalism of Connes
to build noncommutative field theories. There are several realizations of this formalism in
practice [3, 4, 5, 6]. In this section (and the rest of the paper) we will discuss a model, which
we call two-sheeted space time [7, 8].
In our scenario, the spectral triple consists of:
Hilbert Space H: The direct product of the usual Minkowski spin manifold times C2
(C being the algebra of complex numbers). Formally, it can be represented as
Ψ =

 ΨL
ΨR

 ,
where ΨL,ΨR are each a Dirac spinor by itself; however, we can choose that each such Dirac
spinor has specific helicity (either left or right-handed) and that they live on different sheets.
Algebra A: The most general (smooth) operator acting on such a Hilbert space is a 2×2
matrix with elements C∞ functions. However, we choose the algebra A to be a subset of of
these matrices; specifically we require that the representations of elements of A be diagonal
matrices:
ρ(a) =

 f1(x) 0
0 f2(x)

 . (2)
Dirac Operator: If we take this also to be diagonal, the resulting theory would not be
very interesting; the fields living on separate sheets will not interact with each other, and in
effect we will have two copies of the standard theory on a manifold. Therefore, we take the
Dirac operator to have off-diagonal terms:
D =

 i 6 ∂ −γ5M
γ5M † i 6 ∂

 , (3)
where M is a scalar operator with dimensions of mass. With this definition, a general
one-form is given by
A =

 γµA1µ(x) −γ5Φ1(x)
γ5Φ2(x) γ
µA2µ(x)

 , (4)
where Aiµ are the gauge fields, and Φi are the Higgs fields of the theory.
7The model described above is easily extended to incorporate non-abelian gauge theories.
In the general case, one can take the fields ΨL,ΨR as multiplets under a fundamental repre-
sentation of some gauge groups G1, G2. Let us denote the dimension of the ΨL multiplet by
n and the dimension of the ΨR multiplet by m. Then the C
∞ functions f1(x), A1µ(x), and
f2(x), A2µ(x) will became n× n matrices, and m×m, respectively. They can be written in
terms of the generators of the corresponding Lie algebras Ta, T
′
b:
f1(x) = f
a
1 (x)Ta A1µ(x) = A
a
1µ(x)Ta
f2(x) = f
b
2(x)T
′
b A2µ(x) = A
b
2µ(x)T
′
b . (5)
To support the identification of the Φ fields in (4) as Higgs fields, consider the fermionic
part of the Lagrangian. With the covariant derivative defined in the usual way,
iD = D + A , (6)
one has
Lψ = Ψ¯ iD Ψ
= ψ¯L(i 6 ∂+ 6 A1)ψL + ψ¯R(i 6 ∂+ 6 A2)ψR
− ( ψ¯L(Φ1 +M)ψR + ψ¯R(Φ2 +M †)ψL ) . (7)
In order for this lagrangian to be hermitian, we define Φ2 = Φ
†
1.
The field strength is then
F = dA + A ∧ A , (8)
where
dA = {D,A}
=

 i 6 ∂( 6 A1)−MΦ† − ΦM † γµγ5(−i∂µ(Φ) +MA2µ − A1µM)
γ5γµ(−i∂µ(Φ†) +M †A1µ − A2µM †) i 6 ∂( 6 A2)−M †Φ− Φ†M

 , (9)
and
A ∧ A = 1
2
{A,A}
=

 6 A1 6 A1 − ΦΦ† γµγ5(−A1µΦ+ ΦA2µ)
γ5γµ(Φ†A1µ −A2µΦ†) 6 A2 6 A2 − Φ†Φ

 . (10)
8The diagonal elements of the form F contain (i/2)γµγν(F1,2)µν , with
F1µν = ∂µA1ν − ∂νA1µ − i[A1µ, A1ν ] ,
and the equivalent for F2. Thus one obtains the proper covariant expressions for the field
strengths of the respective gauge fields. Furthermore, it is convenient to redefine the Higgs
fields as H = Φ +M ; then the field strength (8) can be written as:
F =

 i2γµγνF1µν + (MM † −HH†) −γµγ5(i∂µ(H)−HA2µ + A1µH)
−γ5γµ(i∂µ(H†)−H†A1µ + A2µH†) i2γµγνF2µν + (M †M −H†H)

 . (11)
Some care has to be exercised here in treating the contributions of the Higgs field to the
diagonal elements. As mentioned in the previous section, if δ is a proper exterior derivative,
δ(δα) = 0 for any form α. Thus, if one takes A = dρ, with ρ an element of the algebra as in
Eq. (2), we should have dA = ddρ = 0. However, from Eq. (9):
ddρ =

MM †f1 − f1MM † 0
0 M †Mf2 − f2M †M

 .
If MM † is not proportional to the unity, the diagonal elements are not generally zero.
We need a prescription to deal with such cases. A suitable prescription for our purposes,
which gives rise to a gauge covariant Higgs potential, is to take the trace over the Higgs
field contributions 3, that is, to replace in Eq. (11), (MM † − HH†) by Tr(MM † − HH†).
However, note that here the trace is understood to be taken only when it is required for
the cancellation of such terms. For example, in the case when the fermion spinor space can
be split into subspaces which do not mix (like lepton and quark subspaces in the Standard
Model), one should take trace on each subspace separately.
The Lagrangian for the gauge sector (including the Higgs) will then be
LG = −1
4
Tr FF , (12)
where the trace is first taken over the γµ matrices and then over the internal symmetry
indices. The −1/4 factor in front of the trace insures that the kinetic energy for the gauge
3 One could also drop these contributions completely, in effect setting the curvature associated to the Higgs
fields to zero. However, the model obtained in this case is not very interesting, since it does not have a
Higgs potential.
9fields F1, F2 has the standard normalization. Then, we find
LG = LA + LH − V (H) , (13)
where
LA = −1
4
∑
i
FiµνF
µν
i (14)
with
F1µν = F
a
1µνTa , F2µν = F
b
2µνT
′
b ,
with normalization Tr(TaTa′) = (1/2)δaa′ . The kinetic energy for the Higgs fields has the
form
LH = |∂µ(H) + iHAµ2 − iAµ1H|2 + |∂µ(H†) + iH†A1µ − iA2µH†|2 , (15)
where we use the definition |K|2 = K†K. Finally, the Higgs potential is given by
V (H) =
(
Tr(MM † −HH†))2 + (Tr(M †M −H†M))2 , (16)
which requires that at least some Higgs fields have non-zero expectation values, thus insuring
spontaneous symmetry breaking.
Note that Eq.(15) contains the proper covariant derivative for the Higgs fields H . To
see this, note that the transformation properties of the Higgs fields are defined by the
requirement that the fermionic lagrangian (7) be gauge invariant. Thus, if the fermion fields
ΨL form a multiplet supporting a fundamental representation of the gauge group G1, so do
the fields H . That is, the transformation properties of the Higgs fields under an infinitesimal
gauge transformation will be the same as for the ΨL fermions:
ΨL(x)→ (1 + iαaT a)ΨL , H(x)→ (1 + iαaT a)H .
Then it is easy to verify that the derivative in Eq.(15) is the appropriate covariant derivative,
and the theory is gauge invariant.
To review what we have learned so far: we have started by taking the elements of the
algebra A to be block-diagonal matrices. However, due to the non-diagonal structure of
the Dirac operator, the one-forms associated with the algebra A are also non-diagonal -
that is, non-commutative. The diagonal elements of a one-form A are gauge fields, while
the off-diagonal elements turn out to be Higgs fields. The resulting theory turns out to be
gauge invariant (one has to redefine the Higgs fields first, though). Moreover, due to the
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noncommutativity of one-forms, the Higgs sector aquires a quartic potential, thus ensuring
spontaneous symmetry breaking. The structure of the Higgs potential is determined by the
structure of the off-diagonal terms in the Dirac operator (or, since these terms are related
to the fermion masses, one can say that the Higgs potential is related to the mass spectrum
of the fermion sector).
We end this section with some comments on the gauge couplings and the Higgs-fermion
Yukawa couplins. In the above equations we set the gauge couplings to be one. Different
values can be introduced either directly (that is, setting iD = D + gA in Eq. (6) and
F = dA+ gA ∧ A) or by generalizing the trace over F to include a gauge coupling matrix:
LG = −1
4
Tr

 1/g21 0
0 1/g22

 FF . (17)
Then one should use fields with proper normalization A1/g1 → A1, A2/g2 → A2, in effect
setting the gauge couplings of the fields A1, A2 to be g1, g2 (one should also normalize the
Higgs fields). Also, note that in the case when we have only one Higgs multiplet and one
fermion multiplet, the Yukawa coupling of the Higgs with the fermions is fixed, being given by
the Higgs field normalization constant. In the case when one has several fermion multiplets,
one generally can (or has to) set the Yukawa coupling for each multiplet by hand; however,
one still gets a sum rule relating the sum of the Yukawa couplings squared to the Higgs
normalization constant. If one has several Higgs multiplets, one gets several such sum rules.
IV. STANDARD MODEL ON TWO-SHEETED SPACE TIME
As the first example of the general formalism described in the previous section, let us
discuss the implementation of the Standard Model SUC(3)× SUL(2)×UY (1) gauge theory.
For simplicity, let us first restrict our analysis to a subspace of the fermion spinor space,
particularly the one spanned by the u, d quark fields. Then, the components of the spinor
multiplets would be
ΨL =

 uL
dL

 , ΨR =

 uR
dR

 .
As is well known, the ΨL components form a SUL(2) doublet, while the individual compo-
nents of both ΨL and ΨR are UY (1) singlets.
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Then, over this subspace, the gauge fields components are
A1µ = A
a
1µτa +
1
2
YQLBµ ,
A2µ =
1
2
YQRBµ , (18)
where Aa are the SUL(2) gauge fields and B is the hypercharge field. The diagonal matrices
YQL, YQR contain the hypercharges of the left and right-type quark fields:
YQL =
1
3

 1 0
0 1

 , YQR =

 4/3 0
0 −2/3

 .
Note here the peculiar way we have introduced the hypercharge field. The matrix A1 now
contains fields associated with two gauge symmetries. This would generally require that
A1 be split into two parts: A1 → diag(A1, B1), but this is not necessary in this particular
case, since the hypercharge matrix YQL is proportional to the identity matrix, and therefore
commutes with the generators of the SUL(2) gauge transformations. This means that the
SUL(2) and UY (1) gauge fields will not mix between them when computing F and the trace
of FF. Therefore we can add them directly in the manner of (18).
The Higgs matrix for the model has the form
H =

 h¯0 h+
−h− h0

 = [Φ˜,Φ] ,
where Φ is the SUL(2) doublet and Φ˜ is its charge conjugate. Under an infinitesimal UY (1)
gauge transformation α(x) the Higgs fields will change according to
H → (1 + iα
2
YQL) H (1− iα
2
YQR) → H (1 + iα
2
(YQL − YQR)) ,
since YQL is proportional to the identity matrix. The hypercharge matrix for the Higgs fields
will then be
YH = YQL − YQR =

 −1 0
0 1

 ,
that is, the doublet Φ and antidoublet Φ˜ will have definite hypercharge +1 and -1 respec-
tively. The covariant derivative for H turns out to be
DµH = ∂µH − iAa1µτaH − iH
1
2
YHB ,
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or, in terms of the Φ, Φ˜ doublets:
Dµ(Φ˜,Φ) =
(
(∂µ − iAa1µτa + i
1
2
B)Φ˜ ,
(∂µ − iAa1µτa − i
1
2
B)Φ
)
. (19)
Then,
LH = 2 Tr (DµH†)(DµH)
= 2(DµΦ˜†)(DµΦ˜) + 2(D
µΦ†)(DµΦ) (20)
will give the standard form for the SM Higgs kinetic energy terms, although it still has to
be normalized (the 2 factor in front comes from the fact that there are two equal terms in
Eq.(15) ).
Let us assume for a moment that this is the whole extent of the theory (that is, there
are no other fermions), and work out the gauge coupling constants, Yukawa couplings and
normalization factors. After multiplying with the gauge coupling matrix (as in Eq. (17)),
the gauge fields have to be rescaled
1
g1
Aa1 → Aa1[
1
g21
Tr
(
Y 2QL
2
)
+
1
g22
Tr
(
Y 2QR
2
)]1/2
B → B , (21)
thus setting the weak coupling constant g = g1 and the hypercharge coupling constant
1
g′
=
[
1
g21
Tr
(
Y 2QL
4
)
+
1
g22
Tr
(
Y 2QR
4
)]1/2
.
If one wishes to give different masses to the up and down type fermions, one has to
introduce different Yukawa couplings in the Higgs matrix
H =

 h¯0 h+
−h− h0



 λu 0
0 λd

 = [λuΦ˜, λdΦ] ,
since the vev of the Φ˜ doublet gives mass to the up-type fermions, while the vev of the Φ one
gives mass to the down-type fermions. Note that this implies that the matrix M appearing
in the Dirac operator has a similar structure
M ∼

mλu 0
0 mλd

 .
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One has now to compute the rescaling factor for the Higgs field. The kinetic energy term
(20) becomes
LH =
(
1
g21
+
1
g22
)
λ2u (D
µΦ˜†)(DµΦ˜) +
(
1
g21
+
1
g22
)
λ2d (D
µΦ†)(DµΦ) ,
which requires the redefinition (rescaling) of H[(
1
g21
+
1
g22
)
(λ2u + λ
2
d)
]1/2
H = λ H → H .
Then, the effective couplings λeu,d to fermions will turn out to be
λeu = λu/λ , λ
e
d = λd/λ ,
and we have the sum rule mentioned in the previous section
(λeu)
2 + (λed)
2 =
g21g
2
2
g21 + g
2
2
. (22)
Finally, let us consider the terms giving rise to the Higgs potential. Since the matrix M
is not proportional to identity and it does not commute with a general zero-form, we should
use the trace prescription in (9). Therefore,
V (H) =
(
1
g21
+
1
g22
)(
Tr[MM † −HH†])2
→
(
1
g21
+
1
g22
)−1
(h0h¯0 + h−h+ −m2)2 , (23)
in terms of the rescaled fields. From this, we see that the neutral Higgs component field h0
aquires a vacuum expectation value < h0 >= m (= v/
√
2), and after symmetry breaking
the surviving Higgs particle gets a mass
mh = 2m
√
(λeu)
2 + (λed)
2
(where the sum-rule (22) has been used).
We wish now to extend the previous construction to the whole Standard Model. One
must then add leptons, and include color and flavor. For this purpose, we first extend the
fermion space
ΨL =



 uL
dL


α
 νL
eL




i
, ΨR =



 uR
dR


α
 0
eR




i
,
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where α are the color indices, and i the flavor ones. Then the gauge one-form will split into
components acting on the lepton and quark subspaces. On the lepton subspace, we have
AE1µ =
(
Aaµτa +
1
2
YELBµ
)
⊗ 1ij
AE2µ =
(
1
2
YERBµ
)
⊗ 1ij
HE = Φ⊗ λlij , (24)
where YEL, YER matrices contain the hypercharge numbers associated with the left and right
handed charged leptons and neutrinos, and λlij is the Yukawa coupling matrix for leptons.
On the quark subspace
AQ1µ =
(
Aaµτa +
1
2
YQLBµ
)
⊗ (GbµΛb)αβ ⊗ 1ij
AQ2µ =
(
1
2
YQRBµ
)
⊗ (GbµΛb)αβ ⊗ 1ij
HQ = Φ˜⊗ 1αβ ⊗ λuij + Φ⊗ 1αβ ⊗ λdij , (25)
where Gbµ are the SUC(3) gauge bosons, and the Λb are the generators of the SUC(3) gauge
transformation. Also, the λuij and λ
d
ij are the Yukawa coupling matrices for the up and
down-type quarks.
One can then easily verify that one obtains the Standard Model lagrangian. The gauge
couplings for the electroweak sector are given by:
1
g2
=
4N
g21
1
g′2
=
N
g21
Tr
(
3Y 2QL + Y
2
EL
2
)
+
N
g22
Tr
(
3Y 2QR + Y
2
ER
2
)
=
4N
3g21
+
16N
3g22
. (26)
Here N stands for the number of generations. The Higgs kinetic energy has the form
LH =
(
1
g21
+
1
g22
)
3Tr(λu)2 (DµΦ˜†)(DµΦ˜)
+
(
1
g21
+
1
g22
)(
3Tr(λd)2 + Tr(λl)2
)
(DµΦ†)(DµΦ) . (27)
Therefore, the constant involving in rescaling the Higgs field is
λ2 =
(
1
g21
+
1
g22
)(
3Tr(λu)2 + 3Tr(λd)2 + Tr(λl)2
) ≃ 3λ2t
(
1
g21
+
1
g22
)
,
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if we assume that the top Yukawa coupling dominates. The resulting sum rule will predict
that the effective top Yukawa coupling is
λe2t =
1
3
g21g
2
2
g21 + g
2
2
=
16N
9
g2g′2
g2 + g′2
,
which, if one uses the values for the electroweak couplings at MZ scale α1(MZ) =
1/58.97, α2(MZ) = 1/29.61 comes out to λ
e
t ≃ 0.8 (for the number of generations N = 3).
This is to be compared with the Standard Model value, λSMt ≃ 1.
Finally, the Higgs potential is
V (H) =
(
1
g21
+
1
g22
)[
(h0h¯0 + h+h− − λ2m2)
(
3Tr(λu)2 + 3Tr(λd)2 + Tr(λl)2
)]2
→
(
1
g21
+
1
g22
)−1
(h0h¯0 + h+h− −m2)2 . (28)
Then one would obtain a Higgs mass:
Mh ≃ 2
√
3 λetm ≃ 3.5 mt .
One notes that this model predicts a rather large Higgs mass, Also, it is not exactly
in agreement with the Standard Model value for the top mass (although it is not too far
either)4. However, this is not too troubling; we do not after all expect that the Standard
Model is a fundamental theory, valid at all scales. Instead, it seems probable that the
SUC(3)×SUL(2)×UY (1) gauge symmetry visible at MZ scale is a remnant of the breaking
of some larger symmetry, which is manifest at a higher scale. Hence, one should consider
applying the framework used above to such extensions of the Standard Model.
V. LEFT-RIGHT SYMMETRIC MODEL ON TWO-SHEETED SPACE TIME
In spite of the great phenomenological success of the standard model as a gauge theory
based on spontaneously broken symmetry SUC(3)×SUL(2)×UY (1), it is recognized that it
has several unsatisfactory features that include, besides the proliferation of free parameters,
a lack of an understanding of the origin of parity violation in the low energy region. Left-right
4 It is possible to fix the prediction for the top mass by introducing a separate coupling for the Higgs part
of the field strength (as, for example, in [7]). However, this would lead to a loss of predictive power for
the model.
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symmetric models have always been attractive as the minimal extensions of the standard
model. A natural consequence of left-right symmetric models is the existence of right-handed
neutrinos, which, through the seesaw mechanism [11], give rise to small mass for the left
handed neutrinos. The discovery of convincing evidence for non-zero neutrino masses gives
therefore further weight to the ideea that the Standard Model may be a low energy version
of such models.
To start formulating the left-right symmetric model as a theory on two-sheeted space
time, we have to first specify the Hilbert space of spinors. One could use the same space as
for the Standard Model; however, in that case the only Higgs multiplets one can introduce
are SUL(2) × SUR(2) bidoublets. Since one needs triplet Higgses to break the left-right
symmetry (as well as to give mass to the right handed neutrinos), we take the Hilbert space
to also include the charge conjugate fields of ΨL,ΨR,
Ψ =



 ΨL
ΨcR



 ΨR
ΨcL




i
,
in such a way that the left-handed fields live on one sheet and the right-handed ones live on
the other. The matrix structure associated with the gauge fields will then be
A1µ =

 AaLµτa + YLBµ/2 0
0 AaRµτa − YRBµ/2


A2µ =

 AaRµτa + YRBµ/2 0
0 AaLµτa − YLBµ/2

 . (29)
The AaL, A
a
R are the gauge fields associated with the SUL(2), SUR(2) group transformations,
while B is the one associated with the U(1)B−L group. The YL,R numbers are the charges
associated with U(1)B−L transformations for the left and right-handed fields. They take
different values on lepton and quark spaces; for leptons YEL = YER = −1, and for quarks
YQL = YQR = 1/3.
Since charge conjugate fermions are part of the spinor space, one can introduce triplet
Higgses in the gauge one-form. Thus, on the lepton subspace we define
H =

 H1 ⊗ λ1lij ∆L ⊗ λLij
∆†R ⊗ λR†ij Hc2 ⊗ λ2lij

 , (30)
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where H1 is a (2,2,0) bidoublet and H2 its conjugate,
H1 =

 h01 h+2
h−1 h
0
2

 , H2 =

 h0∗2 −h+1
−h−2 h0∗1

 , Hc2 = σ2HT2 σ2 ,
and ∆L,R are SU(2) triplets which couple to the left and right-handed leptons
∆L,R =

 δ−/√2 δ0
δ−− −δ−/√2


L.R
.
The λ1,2lij , λ
R,L
ij matrices acting on the flavor space are the Yukawa couplings associated with
the Dirac mass term for both the charged leptons and neutrinos (the λ1,2l matrices), and the
Majorana mass terms for the right- and left-handed neutrinos (the λR,L ones)5. On the other
hand the Higgs matrix (30) on the quark subspace will contain only the diagonal H1, H
c
2
fields (with Yukawa matrices λ1,2q associated with the quarks) since the ∆L,∆R triplets do
not couple to quarks. Note also that Hc2 = H
†
1; we use this notation to remind ourselves
that the mass term ψ¯cRH
c
2ψ
c
L is usually written as ψ¯LH2ψR.
Substituting (29) and (30) in Eq. (4) (with Φ1 = H,Φ2 = H
†), one obtains the corre-
sponding expressions for the field strength F, which will give the standard Lagrangian terms
for the gauge fields AL, AR, and B. It can easily be verified that Eq. (15) will give the right
kinetic energy terms for the Higgs multiplets
LH = |∂µH + iHAaRµτa − iAaLµτaH|2
L∆ = |∂µ∆L,R + i∆L,RAaL,Rµτa − iAaL,Rµτa∆L,R − iYEBµ∆L,R|2 , (31)
where, due to left-right symmetry, YEL = YER = YE. The coupling constants for the SU(2)
and U(1) gauge fields are given by
1
g2
= 4N
(
1
g22
+
1
g21
)
1
g′2
= 2N
(
1
g21
+
1
g22
)(
3Y 2Q + Y
2
L
)
. (32)
It is interesting to note that, due to left-right symmetry on each sheet, the ratio of the two
coupling constants is fixed: g2/g′2 = 2/3 (of course, this is taken to be valid at the energy
5 Note that in order to have left-right symmetry in the fermion sector, one should also require that λR =
λL, λl = λl†.
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where this description holds). This symmetry could be broken by considering more complex
structure for the gauge coupling matrix in (17). Also, note that the rescaling constants for
the Higgs fields are
λ2∆R = Tr
[
λRλR†
]
/(4Ng2)
λ2∆L = Tr
[
λLλL†
]
/(4Ng2)
λ2H = Tr
[
λ1lλ1l† + λ2lλ2l† + 3(λ1qλ1q† + λ2qλ2q†)
]
/(4Ng2) . (33)
Before continuing, let us briefly review the salient features of gauge symmetry breaking
in the left-right symmetric models. The theory has five gauge bosons, two charged ones (AL
and AR) and three neutral: B,A0L, A0R. At some high energy, the symmetry is unbroken,
and all gauge bosons are massless. However, at some large scale, the right-handed triplet
Higgs aquires a vacuum expectation value < ∆R >= vR, and breaks left-right symmetry.
One of the charged bosons (more precisely, a combination of the AL and AR) and one of the
neutral ones aquire masses of order vR. Since these massive bosons have not been observed
at present day colliders, one infers that vR should be above the TeV scale
6. Furthermore,
the right handed neutrinos also aquire Majorana mass through the vev of ∆R. If one accepts
that the smallness of left handed neutrino masses is due to the seesaw mechanism, this would
point to the scale vR to be around 10
14 GeV. The remaining symmetry (that of the Standard
Model SUL(2) × UY (1)) is broken at the electroweak scale by vacuum expectations for the
bidoublet Higgses < h01 >= v1, < h
0
2 >= v2. Note that the left-handed triplet ∆L may also
aquire a vacuum expectation value vL; however, since this vev gives Majorana mass to the
left-handed neutrinos, vL should be below eV scale.
A very interesting question then arises: is this pattern of symmetry breaking consistent
with our formulation of the left-right symmetric model on a two-sheeted space time? Note
that, in our scenario, the Higgs potential is fixed (up to maybe an overall multiplicative
constant) once the matrix M appearing in the Dirac operator has been given. Therefore
one can potentially hope to predict how the gauge symmetry is broken. We shall investigate
this in what follows, under different sets of assumptions concerning the structure of the M
matrix.
6 Constraints on the scale of vR can also be inferred from weak interaction data; see for example [12] and
references therein.
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A) We first choose a form for the matrix M suggested by the pattern of fermion masses
(that is, choose a nonzero entry in the mass matrix at places where fermion masses would
naturally appear). Thus, one can choose
M =



m1 0
0 m2

⊗ λ1lij ,

 0 mL
0 0

⊗ λLij
 0 0
mR 0

⊗ λRij ,

m1 0
0 m2

⊗ λ2lij


, (34)
on the lepton subspace. On the quark subspace, we will have a similar structure (with the
fermion Yukawa couplings λ1l, λ2l replaced by the quark ones λ1q, λ2q), with the difference
that the off diagonal matrices will be zero (since one generally does not introduce triplets
in the quark sector, and thus one does not get a Majorana mass for the quarks).
Before computing the Higgs potential, one has to insure the ddρ = 0 condition by using
the trace prescription discussed in section I. Following Eq. (2), if we set f1 = diag{f1L, f1R},
we obtain on the left-handed sheet
(ddρ)11 =

 (MM †)11f1L − f1L(MM †)11 (MM †)12f1R − f1L(MM †)12
(MM †)21f1L − f1R(MM †)22 (MM †)22f1R − f1R(MM †)22

 , (35)
with a similar form on the right-handed sheet. In order to satisfy ddρ = 0, one then should
drop the off-diagonal terms and take the trace of the diagonal ones. The contribution of the
Higgs terms to the diagonal elements of F is then
MM † −HH† →
 Tr[H1H†1 +∆L∆†L − (MM †)11] 0
0 Tr[Hc2H
c†
2 +∆
†
R∆R − (MM †)22]

 . (36)
Now, if we assume that by suitable transformations, one can take the vacuum expectation
values of the Higgs fields to be
< H1 > =

 v1 0
0 v2

 , < ∆L,R > =

 0 vL,R
0 0

 ,
the Higgs potential will become
V (< H >) =
[
(v21 + v
2
2 −m21 −m22)|λ1l|2 + (v2L −m2L)|λL|2
]2
+
[
(v21 + v
2
2 −m21 −m22)|λ2l|2 + (v2R −m2R)|λL|2
]2
+3
(
v21 + v
2
2 −m21 −m22
)2 (|λ1q|4 + |λ2q|4) , (37)
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where the first two lines are contributions coming from the lepton subspace and the last
line is the contribution due to the quark subspace. (Here we have used |λ|2 as a shorthand
for Tr[λλ†].) One then sees that this potential has a minimum at vL = mL, vR = mR and
v21 + v
2
2 = m
2
1 +m
2
2. In other words, the vevs of the triplets ∆R,∆L can be fixed to mR, mL,
but there is a degeneracy in determining the individual values of the bidoublet Higgs vevs.
If, however, one takes m21 +m
2
2 to be at electroweak scale, both v1 and v2 are at this scale,
and this does not create any problem with respect to the symmetry breaking pattern. So
we see that we can obtain the desired symmetry breaking pattern, although one has to put
in by hand a large value for mR, very small value for mL and electroweak scale for m1, m2.
Note that this result is by no means trivial. For example, if there would be no quark
sector in the theory (drop the third line in Eq. (37)), one could not separate the vevs of
the bidoublets from the vevs of the triplets. Hence there would be no way to make sure
that H does not aquire a vR scale vev. This is due to the highly degenerate structure of
the potential (there are several flat directions). In particular, note that if one adopts the
pattern (34) for the mass matrix M (where nonzero entries correspond to Higgs fields that
one expects to get vacuum expectation values), it would be tempting to say that < H >=M
will give a minimum of the potential. One could then say that the fields Φ which appear
initially in the gauge one-form (4) are the Higgs fields in the broken symmetry phase of the
theory [6]. However, while it is true that V (< H >= M) = 0, this does not make it a true
vacuum, since degeneracies could exist.
B) One might then also consider structures for the M matrix which are not linked to
the fermion masses. Actually, the parameters which seem to have physical relevance are the
matricesMM † andM †M , since they appear in both, the Higgs potential and the evaluation
of the ddρ = 0 condition. In the most general case, the Higgs potential can be written
therefore in terms of four parameters: µl21 = Tr(MM
†)11, µ
l2
2 = Tr(MM
†)22 on the lepton
space, and µq21 = Tr(MM
†)11, µ
q2
2 = Tr(MM
†)22 on the quark space. One would then
obtain
V (< H >) =
[
(v21 + v
2
2)|λ1le |2 + v2L − µl21
]2
+
[
(v21 + v
2
2)|λ2le |2 + v2R − µl22
]2
+3
[
(v21 + v
2
2)|λ1qe |2 − µq21
]2
+ 3
[
(v21 + v
2
2)|λ2qe |2 − µq22
]2
, (38)
where we have used the vevs rescaled by the corresponding Higgs fields factors (33), v1,2 →
21
v1,2/λH , vL,R → vL,R/λ∆L,R, and the constants λkl,qe = λkl,q/λH . Again we see that the
scale of v1, v2 is set by the µ
q
1, µ
q
2 parameters, so these have to be at electroweak scale.
Interestingly, for this potential one does not have to necessarily fine tune the vev of the
∆L field anymore; it will be naturally driven to zero for a whole range of values for the
parameter µl1. Indeed, let us call v
2
0 the value of v
2
1 + v
2
2 for which the last line of Eq. (38) is
minimised; one then sees that if v20|λ1le |2 > µl21 , then the minimum of the potential requires
vL = 0.
C) In the two examples shown above, the Higgs potential has a relatively simple structure
(being the sum of several perfect squares). More complex potentials can be obtained in the
case when the matrixM has some symmetries. For example, ifM is proportional to identity
in the generation space, one need not take trace in (37) over the generation indices. Then,
for example, if one would compute the contribution of the H11 part on the lepton subspace,
one would obtain
V11(v1, v2, vL) = Tr
[∣∣ (v21 + v22)λ1le λ1l†e + v2LλLλL† − µl21 ∣∣2] .
One sees that while the coefficients of the potential terms quadratic in the Higgs fields are
proportional to Tr(λλ†), the coefficients of the quartic terms are proportional to Tr(λλ†λλ†),
and therefore somewhat independent. One can even break the symmetry between the vac-
uum expectation values of the φ01 and φ
0
2 fields; if the M11 and/or M22 elements are taken
to be diagonal in SU(2) space, then the diagonal elements of (35) will be zero, and no trace
is necessary. In this case, the (partial) Higgs potential will be
V11(H) = Tr
[∣∣∣ H1H†1 ⊗ λ1le λ1l†e +∆L∆†L ⊗ λLλL† − µl21 1⊗ 1 ∣∣∣2
]
,
or
V11(v1, v2, vL) = Tr
[∣∣v21λ1le λ1l†e + v2LλLλL† − µl21 ∣∣2 + ∣∣v22λ1le λ1l†e − µl21 ∣∣2] .
Finally, if one sets the off-diagonal elements of the M matrix to zero (M12 = M21 = 0),
one can keep the off-diagonal elements in HH† −MM †, which will contribute to the Higgs
potential a term
V12(H) = 2Tr
[∣∣ H1∆R ⊗ λ1le λR +∆LH1 ⊗ λLλ2l†e ∣∣2] . (39)
It is instructive to compare the Higgs potential obtained in our model with the general
Higgs potential discussed in [11, 12]. We see that our model can give rise to most of the
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terms found in [11]. One might note that only H1, H
†
1 appears in our potential; however,
this is due to the particular choice of the Higgs matrix (30); a more general choice
H =

 H1 ⊗ λ1l +H2 ⊗ λ3l ∆L ⊗ λL
∆†R ⊗ λR† Hc2 ⊗ λ2l +Hc1 ⊗ λ4l

 (40)
can be made, which will introduce H2, H
†
2 in the potential (if desirable). The only important
difference seems to be that the terms coupling the vacuum expectation values of the left and
right triplets Tr(∆†L∆L)Tr(∆
†
R∆R) are missing in our model. In the absence of such a term,
one cannot take the Higgs potential left-right symmetric (µl21 = µ
l2
2 , λ
L = λR). Indeed, it
turns out that for a left-right symmetric potential (as in in [11]) what drives vL to zero
while keeping vR at GUT scale is just such a term ∼ v2Lv2R, that couples the two vacuum
expectation values. Lacking such a term in our model, we are forced to take µl2 at GUT
scale, and µl1 at electroweak scale.
VI. CONCLUSIONS
We have developed a formalism based on the framework of Connes’ non-commutative ge-
ometry (NCG), with the purpose of studying the standard model of electroweak interactions
and beyond. Our model is based on a two-sheeted space-time that can be thought of as a
discretized version of Kaluza-Klein theory, in which the compact fifth dimension is replaced
by two discrete points. The left- and right- chiral spinor fields live on the two separate
sheets, while the gauge and Higgs fields are part of a generalized gauge operator represented
by a 2×2 matrix acting on the internal (discrete) space.
The main virtue of this framework is that the scalar Higgs fields are an integral part of the
gauge sector. Their gauge invariant kinetic parts in the Lagrangian as well as quartic forms
of Higgs potentials arise naturally. Furthermore, the possibility of spontaneous symmetry
breaking is built naturally into the Higgs potential.
While different NCG formulations of the Standard Model (and other gauge theories) have
been studied extensively by several authors, we have taken in this paper a less mathematical
approach and focused more on the physics of the model. The formalism allows for an easy
(and transparent) construction of the Higgs sector. The choice of Higgs multiplets appearing
in the theory is dictated by the choice of the underlying spinor space. The Higgs potential
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can be written in terms of the Yukawa couplings of the fermions and the elements of the
matrix M appearing in the definition of the generalized Dirac operator
Besides the predictive power in the Higgs sector, the NCG formalism leads to sum rules for
the Yukawa coupling constants of the fermions. In the case of the minimal standard model,
this will lead to a prediction of the top quark mass (as well as the Higgs mass). However,
such results at the tree level form of the Lagrangian cannot be taken seriously unless one
knows at which scale this picture holds. If NCG-inspired theories are a description of reality,
one might expect them to be valid at scales close toMP l. However, at such high scales, there
are good reasons to believe that the gauge group is a larger one, corresponding to a grand
unified theory of which the Standard Model is just the low energy limit.
We are led therefore to consider higher symmetries. As an example, in this paper we an-
alyze the implications of two-sheeted space time picture for the left-right symmetric model.
Our approach predicts several specific forms possible for the Higgs potential. Interestingly,
these predictions allow the desired left-right symmetry breaking pattern leading to the stan-
dard model. We discuss the various scenarios for this potential depending upon the choice
and the symmetries in the M matrix of the Dirac operator. A more detailed quantitative
study of these features is desirable to draw concrete conclusions. But the model has several
attractive features, and fewer parameters compared with the standard left-right symmetric
models.
Acknowledgments
We thank Nguyen Ai Viet and Alexandr Pinzul for many helpful discussions. This work
is supported in part by the US Department of Energy grant number DE-FG02-85ER40231.
[1] A. Connes, Noncommutative Geometry, (Academic Press, 1994); J. Madore, An introduction
to noncommutative differential geometry and physical applications (Cambridge University
Press, Cambridge, England, 1995); G. Landi, An introduction to noncommutative spaces and
their geometry (Springer-Verlag, Berlin, 1997) [arXiv:hep-th/9701078].
[2] A. Connes, Commun. Math. Phys. 182, 155 (1996) [arXiv:hep-th/9603053].
[3] A. Connes and J. Lott, Nucl. Phys. Proc. Suppl. 18B, 29 (1991).
24
[4] R. Coquereaux, G. Esposito-Farese and G. Vaillant, Nucl. Phys. B 353, 689 (1991).
[5] R. Wulkenhaar, Phys. Lett. B 390, 119 (1997) [arXiv:hep-th/9607096].
[6] A. H. Chamseddine, G. Felder and J. Frohlich, Nucl. Phys. B 395, 672 (1993)
[arXiv:hep-ph/9209224].
[7] A. V. Nguyen, Heavy Ion Phys. 1, 263 (1995).
[8] N. A. Viet and K. C. Wali, Phys. Rev. D 67, 124029 (2003) [arXiv:hep-th/0212062]. Extensive
references to related work can be found in this paper.
[9] T. Schucker, Geometries and forces, arXiv:hep-th/9712095.
[10] T. Schucker and J. M. Zylinski, J. Geom. Phys. 16, 207 (1995) [arXiv:hep-th/9312186].
[11] R. N. Mohapatra and G. Senjanovic, Phys. Rev. D 23, 165 (1981).
[12] R. N. Mohapatra, Unification And Supersymmetry. The Frontiers Of Quark - Lepton Physics
(Springer, 3-rd edition, 2003)
